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History of the Derivative 

The derivative has two basic facets, the geometric and the computational. In addition, the 
applications of the derivative are manifold: the derivative plays many important roles in 
mathematics itself; it has uses in physics, chemistry, engineering, technology, sciences, 
economics, and much more, and new applications are devised every day. 

The origin of the derivative resides in the classical geometric tangent problems, e.g., to 
determine a straight line that intersects a given curve in only one given point. Euclid (ca. 
300 B.C.) proved the familiar high school geometry theorem to the effect that the line 
tangent to a circle at any point P is perpendicular to the radius at P. Archimedes 
(287-212 B.C.) had a procedure for finding the tangent to his spiral. And Apollonius (ca. 
262-190 B.C.) described methods, all somewhat different, for determining tangents to 
parabolas, ellipses, and hyperbolas. But these were just geometric problems that were 
studied for their own very limited interests; the ancient Greeks did not perceive any 
common thread or other value to these theorems. 

Problems of motion and velocity, also basic to our understanding of the derivative today, 
also originated with the ancient Greeks, although these questions were originally treated 
more philosophically than mathematically. The four paradoxes of Zeno (ca. 450 B.C.) 
hinge on difficulties with understanding instantaneous velocity without having a grasp of 
the derivative. In the Physics of Aristotle (384-322 B.C.), motion problems are closely 
associated with ideas of continuity and the infinite (i.e. infinitely small and infinitely large 
magnitudes). In medieval times, Thomas Bradwardine (1295-1349) and his colleagues at 
Merton College, Oxford, made the first efforts to transform some of Aristotle's ideas about 
motion into quantitative statements. In particular, the notion of instantaneous velocity 
became measurable, at least in theory; today, it is the derivative (or rate of change) of the 
distance with respect to the time. 

It was Galileo Galilei (1564-1642) who established the principle that mathematics was 
the indispensable tool for studying motion and, in general, science: "Philosophy [science 
and nature] is written in that great book which ever lies before our eyes - I mean the 
universe - but we cannot understand it if we do not first learn the language ... The book 
is written in the mathematical language Galileo studied motion geometrically; he used 
the classical proportionalities of Euclid and properties of the conies from Apollonius to 
derive relationships among distance, velocity, and acceleration. Today, these variable 
quantities are basic applications of the derivative. 

Interest in tangents to curves reappeared in the 17 th century as a part of the development 
of analytic geometry. Because equations were then used to describe curves, the number 
and variety of curves increased tremendously over those studied in classical times. For 
instance, Pierre Fermat (1601-1665) was the first to consider the idea of a whole family 
of curves at once. He called these higher parabolas, curves of the form, y = kx", where k 
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♦ont a „Hn-9^4 The introduction of algebraic symbols as a tool for studying 
LTorn^ to the development of the derivative, the 

Rpn£ Descartes (1596-1650) had the insight to foresee the importance of the tangent 

teiwnttoacuree As a result of the translation of Descartes ■Geometry >£Latnby 
Franfvan Schooten (1 61 5-1 661 ) and the extensive explanations by van Schoo ten, 
c ^m^nl riXaune (1 601 -1 652) and .lohan Hudde (1 628-1 704), the principles and 
K££5n£m*y became more widely known. In particular, Hudde s,mpW.ed 

^^^^^^^^ 

™rres^ Hudde - van Sch00ten ' SIUS6 ' and others , conc f n,ng 

Zn^oi mSv ^braicaS^; Hudde and Sluse especially sought simpler and 
iSari^KbSKS^ that could be applied to a greater variety of curves For 
phim PeSnne de Roberval (1602-1675), a curve was the path of a moving point and 
fSScl^Shod for finding the tangent to many curves, including the 
cyc^d But Roberval's method could not be generalized to .nclude more curves. 

M Q »rt^n m RJ9 1 727^ beaan developing his "fluxional calculus," among his earliest 
gSSeavolsTn «6^ F 0 r N Sn, motion was the "fundamental basis" for curves, 
teTents and related calculus phenomena, and he derived his mmons from .Hudde s 
lerston oftte double root procedure. Newton extended this technique as a method for 
fiSg tne curvato* of a curve, a feature that we now know ,s an appl ntan <rf he 
Hiiuiiiy me Newton summarized and revised his caicuius 

wT nS em n uSkl^ ^^mong a good number of his colleagues ; and 
Tends Yerfhorh he continued to return to calculus problems at various times later in 
hi! I scLtific life Newton's calculus works were not published until 1736 and 1745. 

With some tutoring and advice from Huygens and others, Gottfried Wilhelm Leibniz 
M646-1716V developed his differential and integral calculus during the ^J™-™* 
while he was Ih/lng as a diplomat in Paris. On a short trip to London where he attended a 
mJltinn nf ^he Roval Society in 1673, Leibniz learned of Sluse's method of finding 
Wnte^SffiSSS Leibnizhad little inclination to derive these rules ^ndeven 
^iSSth the mathematical foundations (i.e., limits) required, bu he did perfect he 
modem ormulas and notation for the derivative in his famous paper, "N^^thods for 
Smums and minimums, as we., as ^.^^ by fraCt, ° na ' ^ 
irrational quantities, and a remarkable calculus for them. (1684) 
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Here is the first published work in calculus and in fact the first use of the word calculus 
in the modern sense. Now, anyone could solve tangent problems without mastering 
geometry, one could simply use the "calculus" of Leibniz's formulas. 

Newton and Leibniz are sometimes said to have "invented" the calculus As we can see 
thaTis very much of an oversimplification. Rather, as Richard Courant (1 888-- 1972) wisely 
observed, calculus has been "a dramatic intellectual struggle which has lasted for 2500 
vears " After 1 700, circumstances led to one of the saddest and most disgraceful 
episodes in all of the history of science: the priority dispute between Leibniz and Newton, 
and even more between their followers, over who should receive credit for the calculus 
Each made major contributions to the derivative, the integral, infinite series and most of 
all to the Fundamental Theorem of Calculus . The charges of plagiarism and other ugly 
attacks were irrelevant to the mathematics done by each man, but the accusations and 
counter-slurs escalated into schisms between mathematicians and scientists in England 
(loyal to Newton) and on the European continent (followers of Leibniz) which for more 
than a century even led to nationalistic xenophobia. 

The first book on the differential calculus was Analysis of Infinitely Small Quantities for the 
Understanding of Curved Lines (1696) by the Marquis de I'Hospital (1 661 --1 704). Much of 
this work was actually due to Johann Bernoulli (1 667-1 748) and followed Leibniz s 
treatment of derivatives, maximums, minimums and other analyses of curves. But 
I'Hospital's method of determining the radius of curvature was very similar to that of 
Newton Jakob Bernoulli (1654-1705) and his younger brother Johann led the way in 
spreading the word about the power of Leibniz's calculus formulas by proposing and 
solving several challenging problems (the catenary problem and the brachistochrone 
problem are two examples) for which calculus was required. Leibniz, Newton, and 
Huygens also solved these problems. These problems and others led to the development 
nf differential equations and calculus of variations , whole new fields of mathematics 
dependent upon calculus. 

In England, Thomas Simpson's (1710-1761) New Treatise of Fluxions (1737) provided 
the first derivative of the sine function. In 1734, Bishop George Berkeley (1685-1753) 
published The Analyst, a scathing attack on Newton's lack of rigorous foundations for his 
fluxions. Berkeley acknowledged the accuracy of Newton's formulas and correctness of 
their far-reaching applications in physics and astronomy, but he criticized the infinitely 
small quantities" and the "evanescent increments" of the foundations of the derivative 
Colin Maclaurin (1698-1746) tried to defend Newton in his Treatise of Fluxions (1742), 
and he derived derivatives for logarithms and exponentials and expanded Simpson's 
formulas to include the derivatives of the tangent and the secant. 

On the continent, Maria Aanesi (1718-1799) followed Leibniz and L'Hospital in her 
calculus book, Analytical Institutions (1748). Leonhard Euler (1707-1783) took a major 
step toward establishing a firmer foundation for calculus in his Introduction to the Analysis 
of the Infinite (1748) when he introduced functions (as opposed to curves) as the objects 
to which the derivative and the other techniques of the calculus would be applied. By 
function Euler meant some kind of an "analytic expression;" his conception was not so 
broad as our modern definition. In this publication, he also introduced the term analysis 
as a modern name for calculus and related higher mathematics. In his Methods of 
Differential Calculus (1755), Euler defined the derivative as "the method of determining 
the ratios of the evanescent increments which functions receive to those of the 
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evanescent increments of the variable quantities, of which they are the functions, which 
sounds very unscientific today. Even so, Euler dealt with several special cases of the 
chain rule he introduced differential equations , and he treated maximums and minimums 
without using any diagrams or graphs. In 1754, in the famous French Encyclopedia, , Jean 
le Rond d'Alembert (1717-1783) asserted that the "most precise and neatest possible 
definition of the differential calculus" is that the derivative is the limit of certain ratios as 
the numerators and denominators get closer and closer to zero, and that this limit 
produces certain algebraic expressions that we call the derivative. 

At the end of the 18 th century, Joseph Louis Lagrange (1736-1813) attempted to reform 
calculus and make it rigorous in his Theory of Analytic Functions (1797). Lagrange 
intended to give a purely algebraic form for the derivative, without any recourse to 
geometric intuition or graphs or diagrams and without any help from d'Alembert's limits. 
Lagrange did invent the prime notation we now use for derivatives, and the logical 
development of his calculus was admirable in other respects, but his effort to provide a 
firm foundation for the calculus failed because his conception of the derivative was based 
on certain properties of infinite series which we now know are not true. 

Finally in the early years of the 19 th century, the modern definition of the derivative was 
given by Auoustin Louis Cauchv (1789-1857) in his lectures to his engineering students. 
In his Resume of Lessons given at I'Ecole Polytechnique in the Infinitesimal Calculus 
(1823), Cauchy stated that the derivative is: 

the limit of [f(x + i)- f(x)] I i as / approaches 0. The form of the 
function which serves as the limit of the ratio [f(x + i)- f(x)] I i will 
depend on the form of the proposed function y = f(x). In order to 
indicate this dependence, one gives the new function the name of 
derived function. 

Cauchy went on to find derivatives of all the elementary functions and to give the chain 
rule Of equal importance, Cauchy showed that the Mean Value Theorem for derivatives, 
which had appeared in Lagrange's work, was actually the cornerstone for proving a 
number of basic calculus theorems that had been taken for granted, e.g., descriptions of 
increasing and decreasing functions. Derivatives and the differential calculus were now 
established as a rigorous and modern part of calculus. 
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